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Abstract. Motivated by a discrepancy of five orders of
magnitude between three different hyperpolarizability
measurements on the Cg, fullerene, we calculated the op-
tical response of this cluster using a tight-binding Hamil-
tonian and compared the results to those for a benzene
molecule. Our Hamiltonian reproduces the linear polar-
izability and hyperpolarizability of benzene reasonably
well. For Cg,, our calculations of the bare polarizability
agree only with two of the optical response measure-
ments and indicate that the corresponding linear and
nonlinear response of C,, is much larger than that of
C¢H,. We find that screening effects decrease this differ-
ence strongly, and also reduce the calculated hyperpolar-
izability of Cg, to a value which is two orders of magni-
tude below the favored measurements.

PACS: 42.65.An; 36.40.+d; 71.45.Gm

In a recent publication [1], a very large absolute value
[21  of the third-order optical polarizability
] =1.5x10"*m"/V?=1.07x 10~ % esu was reported
for C,, molecules in benzene solution. This value is enor-
mous compared to that of the benzene solvent [3],
7 =3.85x 10~ ** esu, and would make these systems prime
candidates for a direct application in nonlinear optical
devices. An independent study of the same property, per-
formed on Cg, in solution using second harmonic gen-
eration measurements [4], indicates a substantially smaller
value of the hyperpolarizability |y|=7.5x10"**esu.
Similar results to the latter study have been obtained
using degenerate four-wave mixing for Cg, films [5],
yielding the third order optical susceptibility for the
solid x*®=7x10"*?esu, which corresponds to [6]
|y|~3.13x 107> esu.

On top of the discrepancy between the different ex-
perimental data, the expression for the nonlinear suscep-
tibility [7] which has been applied to calculate y in Cy,
is far from its original purpose, and fails by several orders
of magnitude to reproduce the data in [1], as also shown

in [8]. In an attempt to clarify the situation for these
interesting systems [9], we have calculated the optical
response of an isolated Cg, cluster. Since this is not easy
even for simple molecules, we first verified the validity of
our approach by applying the same computational tech-
niques to the benzene molecule which is well understood.

Let us consider an isolated C,, molecule in the electric
field &. The induced dipole moment p is given (to the
lowest three orders) by

p=a&+y&-, 1)

where o is the (linear) polarizability and y is the (third
order) hyperpolarizability. Here we also note that the
second order hyperpolarizability is zero in centrosym-
metric systems such as the Cg, cluster. These polariza-
bilities can be determined from the energy change of a
molecule due to an external field & [10]

AE= —3aq&?-Ly &*. (2)

For the corresponding solid, the polarization density P
is related to p and & by the density of constituents N.
In cgs units, it is given by [11,12]

P=Np=yV&+,d g2, )

Calculations of higher-order static polarizabilities are very
nontrivial due to the high accuracy requirements even in
relatively simple systems such as benzene [13]. To eval-
uate the energy change A E in (2) due to an applied electric
field, we use a tight-binding Hamiltonian which can be
used directly in perturbation theory. Our parametrization
has been used successfully to describe the equilibrium
structures [14] and electronic excitations [15] of carbon
fullerene structures. In presence of the static electric
field & along the z direction, we consider a shift of the
on-site energies by de = —e &z

To obtain the static polarizabilities, we use two ap-
proaches. We determine the energy change of the system
due to & using perturbation theory and check the nu-
merical results by directly diagonalizing the Hamiltonian
which describes the system in the electric field.
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As discussed above, the linear polarizability is related
to the energy change of the system. In second-order per-
turbation theory, this energy change is given by

AE® =2 Z Z Vhp ph ) (4)
h p

F

Here, p and h label single particle and hole states, re-
spectively, and E, (E,) denote the corresponding ener-
gies. For the electric field along the z direction, the tran-
sition matrix elements are given by V,={i| —e&z|j>.
The prefactor 2 takes care of the spm degeneracy. The
third-order nonlinear polarizability is related to the en-
ergy change in fourth-order perturbation theory which is
given by [16]

AE® =2 [; ; pz ,,Z
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AE™ can also be calculated in perturbation theory using
a basis of many-particle states [17]. However, that for-
mula is more difficult to use numerically since its energy
denominators can be small, unlike the particle-hole en-
ergies in (5). The expressions in (4) and (5), together with
(2), vield directly the optical polarizabilities & and y. We
find that the values for « and v obtained using pertur-
bation theory agree with values which we calculate di-
rectly by diagonalizing the tight-binding Hamiltonian.

In order to determine the reliability of our approach,
we first calculate the linear and third-order polarizabili-
ties of the benzene molecule, a system which has been
studied extensively both experimentally [3,18] and
theoretically [13]. For this purpose, we have to augment
our tight-binding Hamiltonian for carbon by parameters
suitable for hydrogen. We adjust the difference between
the H1s and C2p energies to the difference of the atomic
ionization potentials, which gives & (H1ls)= —2.3¢V.
For the hydrogen-carbon hopping integrals, we use
sso= —23.15eV and spo =1.7¢V at the H—C distance
of 1.07 A found in C,H,, obtained by fitting the level
spectrum of a CH radical which we calculated using the
local density approximation [19]. Our results for C.H,
are presented in Table 1. The calculated po]arlzablhty in
the plane of the benzene molecule is o} =31. 1A%, As-
suming the same value of the polarizability along the two
principal axes in the molecular plane and zero perpen-
dicular to it, we would predict {a> =(2/3)a ) =20.7 A3,
This value is consistent with the experimental result
(o> =10.0 A3 obtained for the solution [3] in view of the
fact that we have neglected internal screening in the ben-
zene molecule. The third order polarizability turns out
to be y; =13.5x 107 *  esu, giving {y> =9.0x 10~ * esu.
This is agam comparable to the ab initio results [13] in
the range of {(y> =1.3— 1.7 x 107 esu and experimental
data of [3] giving {y)> =3.85x 107 ** esu. Our hyperpo-
larizability is somewhat larger than the ab initio results
which again is to be expected due to our neglect of in-
tramolecular screening.

Table 1. Calculated and observed optical ) (3
susceptibilities of Cg, and C H, molecules 8&%3’9 g%%“mo %Cesu) 88‘5%2 esu) gacgeggcggu) %10” 2 esur)

CH¢* 20.7 9.0

H,* 10.02 3.85 0.101

Ceo® 215.0 35.7 0.063 346.2 2.3¢ 0.05¢

Cer® 195 56 0.116

Ceo 1.07 % 108

Cyt 750

Ceh 0.239¢ 313 7

* Present calculation

® Experimental values of [3]
¢ This value is obtained using <oy,..» and <& eenea> Of [21]

4 This value is obtained using the experimental value n=2 of

=144,

[5] in the expression

¢ Theoretical values of [21]
' Experimental values of [1]
£ Experimental values of [4]
b Experimental values of [5]



Screening is even more important in the large Cg,
cluster than in benzene, and we shall include it in our
calculations of this system. For a spherical molecule
such as the C, fullerene, the screened linear and third
order nonlinear polarizabilitics are given by o eened
= Upare /(1 + (abare/Rs)) and Y screened = ybarc/(l + (o‘bare/
R*))* where R is the radius of the fullerene. The matrix
surrounding the cluster in a bulk sample also modifies
the external field and hence the screening. We determine
the bulk linear susceptibility using x = Na  cenea/
(1~ (47/3) Nt o poenea ) Which is equivalent to the Clau-
sius-Mossotti relation. In the same way, we calculate the
third-order nonlinear susceptibility using x® = N7 . .cenca/
(1= (47 /3) Nt eeneq) - In these equations, Na1/720 x>
is the density of clusters and o ceneq 30 Y oreeneq are the
screened linear and nonlinear polarizabilities of an iso-
lated cluster, respectively.

Our results for the Cg, clusters and the solid are given
in Table 1. As mentioned above, our perturbation theory
calculations are consistent with results obtained by a
direct diagonalization of the Hamiltonian in a weak
external field. We fit the energy to (2) using & =0
—0.01V/A which is much weaker than the field
&=0.7V/A when the first level crossing occurs. We find
a large bare polarizability «,,,. =215 A®, which is reduced
considerably due to the internal depolarization field to
U goreonca = 35.7 A3, in agreement with our previous cal-
culation [15]. The latter value is very close to that for
a classical metallic sphere with a radius R=3.5A,
X gerenca = R > =42.9 A3, Of course, such large screening
cannot be expected in the planar benzene molecule.

The polarizability of an isolated cluster can be inferred
from the linear susceptibility or index of refraction of the
bulk material using the Clausius-Mossotti equation. Our
predicted susceptibility is x=10.06, in relatively poor
agreement with the experimental value x‘") =0.24 [5]. Part
of the reason for this discrepancy is that Coulomb inter-
action is overestimated by the approximation of [15]; a
better treatment of the Coulomb interaction with the
tight-binding Hamiltonian yields a susceptibility of
x=0.116 [21]. Also, the crystal field in the bulk breaks
the symmetry of the C,, molecule, so that direct
HOMO—LUMO transitions can occur. The susceptibil-
ity of the solid would also be increased by the possibility
of a virtual electron transfer between C,, molecules.

We find a very large positive value of {y,,.»
=3.5x 10" *esu for the bare third order hyperpolariz-
ability, more than one order of magnitude larger than in
benzene. Our value is in fact within the range of two of
the experiments, [4] and [5]. However, this value gets
screened by the induced dipole field in the Cy, which will
be much stronger than in the planar C.H, structure [20].
Using the screening factor o eeneq /@ pare = 3-5 from [21],
we find (¥ g roeneay = 2.3 % 10 *° esu, about the same as in
benzene. For the solid, we obtain ¥ =5x 107" esu us-
ing the empirical susceptibility, which is almost two or-
ders of magnitude smaller than the experimental vaiue of
(5]

We do not understand the origin of this large dis-
crepancy. One possible reason is the high laser frequency
Aw=1.2eV used in the experiments. We have considered
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the effect of the frequency dependence in the perturbation
calculation, (5). We find that a substantial change in the
hyperpolarizability only occurs due to virtual two-photon
transitions within a very narrow energy range of the
HOMO — LUMO transition. Since the transition is spread
out by crystal field effects, we ignore this enhancement
in the present paper. Another possibility is that one must
go beyond the tight-binding approximation to calculate
this quantity, as seems to be the case for the linear sus-
ceptibility. It would be advisable to perform a more de-
tailed study of the optical response of the Cg, cluster using
ab initio techniques such as the LDA. In any case, our
result is more than seven orders of magnitude below the
data quoted in [1], and we conclude that these data are
probably in error.
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