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We present a paradigm in constructing very stable, faceted nanotube and fullerene structures by laterally
joining nanoribbons or patches of different planar phosphorene phases. Our ab initio density functional
calculations indicate that these phases may form very stable, nonplanar joints. Unlike fullerenes and
nanotubes obtained by deforming a single-phase planar monolayer at substantial energy penalty, we find
faceted fullerenes and nanotubes to be nearly as stable as the planar single-phase monolayers. The resulting
rich variety of polymorphs allows us to tune the electronic properties of phosphorene nanotubes and
fullerenes not only by the chiral index but also by the combination of different phosphorene phases. In
selected phosphorene nanotubes, a metal-insulator transition may be induced by strain or by changing the
number of walls.
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One reason for the unprecedented interest in graphitic
carbon is its ability to form not only self-supporting
graphene layers [1,2] but also single- and multiwall nano-
tubes [3] and fullerenes [4]. Similar to graphite, which is
the parent compound of these carbon allotropes, the stable
black phosphorus allotrope is a layered compound that
can be exfoliated to phosphorene monolayers [5,6].
Phosphorene nanotubes (PNTs) [7,8] and fullerenes
[9–11] have been postulated to form in analogy to their
carbon counterparts by deforming a phosphorene mono-
layer, typically at significant energy cost. In contrast to the
unique structure of planar graphene, at least four equally
stable phases with different properties, α-P, β-P, γ-P and
δ-P, can be distinguished in the puckered structure of a
phosphorene monolayer [12–14]. The ability of the differ-
ent phases to form nonplanar in-layer connections at
essentially zero energy cost suggests the possibility to
form faceted nanotube and fullerene structures that are as
stable as planar phosphorene. The possibility to mix
different phases within each wall of spherical and cylin-
drical single- and multiwall structures would offer unprec-
edented richness not only of form but also the associated
electronic properties. Bulk quantities of carbon nanotubes
and fibers are currently used as a performance-enhancing
additive to graphite in Li-ion batteries (LIBs) [15]. Since
black phosphorus is considered superior to graphite for LIB
applications [16,17], a similar benefit could be derived
from the presence of phosphorene nanotubes and related
structures.
Here we present a new paradigm in constructing

very stable, faceted nanotube and fullerene structures by
laterally joining nanoribbons or patches of different planar
phosphorene phases. Our ab initio density functional
calculations indicate that these phases may connect
laterally at an angle. Unlike fullerenes and nanotubes

obtained by deforming a single-phase planar monolayer
at substantial energy penalty, we find faceted fullerenes and
nanotubes to be nearly as stable as planar single-phase
monolayers. The resulting rich variety of polymorphs
allows us to tune the electronic properties of phosphorene
nanotubes and fullerenes not only by the chiral index but
also by the combination of different phosphorene phases. In
selected PNTs, a metal-insulator transition may be induced
by strain or by changing the number of walls.
We utilize the ab initio density functional theory (DFT)

as implemented in the SIESTA [18] code to obtain insight
into the equilibrium structure, stability, and electronic
properties of nanotubes and fullerenes based on different
layered phosphorus allotropes. We use periodic boundary
conditions throughout the study, with nanotubes and full-
erenes separated by a vacuum region exceeding 15 Å. We
utilize the Perdew-Burke-Ernzerhof (PBE) [19] exchange-
correlation functional, norm-conserving Troullier-Martins
pseudopotentials [20], and a double-ζ basis including
polarization orbitals. Van der Waals interactions are
described using the optB86b-vdW functional [21,22] as
implemented in the VASP [23] code. We sample the
reciprocal space by a fine grid [24] of 8 k points for
the 1D Brillouin zone of nanotubes and only 1 k point for
the small Brillouin zone of isolated fullerenes. We use a
mesh cutoff energy of 180 Ry to determine the self-
consistent charge density, which provides us with a
precision in total energy of ≲2 meV=atom. We discuss
geometries that have been optimized using the conjugate
gradient method [25] until none of the residual Hellmann-
Feynman forces exceeded 10−2 eV=Å.
The nanotube and fullerene structures presented in this

study are formed by laterally connecting the different stable
allotropes of layered phosphorus, namely, α-P, β-P, γ-P,
and δ-P, which are shown in Fig. 1(a). Whereas α-P and β-P
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are the most stable allotropes with Ecoh ¼ 3.28 eV=atom in
the monolayer, the stability of γ-P and δ-P is lower only by
< 0.1 eV=atom [13]. All of these structures share the
underlying honeycomb lattice with graphene, but—in
contrast to graphene—are not flat. In analogy to graphene,
we define the armchair and zigzag edges of the different
phosphorene phases in Fig. 1(a). The vectors ~a1 and ~a2,
which span these lattices, may also be used to identify the
edges of phosphorene nanoribbons (PNRs). Considering
the equilibrium nonplanar connections between α-P, β-P,
γ-P along zigzag edges and γ-P, δ-P along armchair edges
[13], we can design two types of faceted nanotubes.
The exact morphology of the more common carbon

nanotubes is defined by the chiral index (n1, n2), which is

associated with the chiral vector ~Ch ¼ n1~a1 þ n2~a2 on a
graphene monolayer. This vector defines the wrapping into
a nanotube and identifies its edge. There is a common
distinction between armchair nanotubes (a-NTs) with an
armchair edge and zigzag nanotubes (z-NTs) with a zigzag
edge. A similar convention could be used when bending
monolayers of α-P, β-P, γ-P, and δ-P to corresponding
nanotubes.
The nanotubes we consider here are very different, as

they are formed by connecting planar narrow nanoribbons
of different phosphorene allotropes. Armchair phophorene
nanotubes (a-PNTs), shown in Figs. 1(b) and 1(c), form by
connecting laterally α-PNRs with β-PNRs and γ-PNRs
along their zigzag edges. Virtually no deformation is
required to form a nanotube with C3 symmetry and a
polygonal cross section, shown in Fig. 1(c). The three
identical 120° segments in the cross section of this a-PNT
contain, in this sequence, an α-PNR connected to a β-PNR,
γ-PNR, and β-PNR. The width of each individual PNRmay
be zero or nonzero, giving rise to many different morphol-
ogies, illustrated in the Supplemental Material [26]. Since
the two β-PNRs in this segment may also have a different

width, we distinguish them by the subscript. Next, we
imagine joining laterally all nanoribbons of a given phase ϵ
to a wider ribbon of width Wϵ ¼ nϵj~a1j. Obtaining in this
way the values nα, nβ1 , nγ , and nβ2 , we may characterize an
armchair nanotube as a-PNTðnα; nβ1 ; nγ; nβ2Þ and identify
the nanotube in Fig. 1(c) as a-PNT(6,3,3,3).
In analogy to a-PNTs, zigzag phosphorene nanotubes

(z-PNTs), shown in Figs. 1(d) and 1(e), form by connecting
laterally γ-PNRs and δ-PNRs along their armchair edges.
Virtually no deformation is required to form a nanotube
with C2 symmetry and a polygonal cross section, shown in
Fig. 1(e). The two identical 180° segments in the cross
section of this z-PNT contain, in this sequence, a γ-PNR
connected to a δ-PNR, γ-PNR, and δ-PNR. The width of
each individual PNR may be zero or nonzero, giving rise to
many different morphologies, also illustrated in the
Supplemental Material [26]. Since the two γ-PNRs and
the two δ-PNRs in this segment may also have a different
width, we distinguish them by the subscript. Next, we
imagine joining laterally all nanoribbons of the same phase
ϵ to a wider ribbon of widthWϵ ¼ nϵj~a2j. Obtaining in this
way the values nγ1 , nδ1 , nγ2 , and nδ2 , we may characterize a
zigzag nanotube as z-PNTðnγ1 ; nδ1 ; nγ2 ; nδ2Þ and identify
the nanotube in Fig. 1(e) as z-PNT(5,2,5,4). We do not
discuss here the narrowest z-PNT(1,0,1,0) with a P4 square
in the cross section, which is in reality a nanowire.
Whereas the designation a-PNTðnα; nβ1 ; nγ; nβ2Þ defines

the way to construct a unique armchair nanotube from
PNRs, a given nanotube may be characterized by different
sets of chiral indices. As discussed in the Supplemental
Material [26], this ambiguity stems from the arbitrariness in
assigning atoms at a nanoribbon connection to either side
and can be avoided by selecting nα ¼ max. A similar
ambiguity in the nomenclature of z-PNTs can be avoided
by selecting nγ1 ¼ max and nγ2 ¼ max.

FIG. 1 (color online). (a) Atomic structure of α-P, β-P, γ-P, and δ-P in top view and the side view of zigzag and armchair edges. The
orthogonal lattice vectors ~a1 and ~a2 define the unit cells or supercells used in this study. Schematic and atomic structure of (b) an
armchair and (d) a zigzag PNT, with the different structural phases distinguished by color and shading. The cross sections of (c) an
armchair and (e) a zigzag nanotube illustrate the symmetry and the distribution of phases along the perimeter.
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Similar to the construction of nanotubes by connecting
nanoribbons of different phases, fullerenes may also be
constructed by connecting planar triangular segments of
β-P monolayers by narrow γ-P strips at the edges, as shown
in Fig. 2. We have considered octahedral fullerenes,
illustrated schematically in Fig. 2(a), and icosahedral full-
erenes, illustrated schematically in Fig. 2(d). Ideal Pn
octahedral fullerenes contain n ¼ 8m2 atoms and icosahe-
dral fullerenes contain n ¼ 20m2 atoms, where m is an
integer. Two examples of octahedral fullerenes are presented
in Figs. 2(b) and 2(c), and two examples of icosahedral
fullerenes in Figs. 2(e) and 2(f). Since these structures do not
require significant deformation of the planar monolayer
structure, but rather results from an optimum connection
between β-P and γ-P, they are also expected to be nearly as
stable as the planar single-phase allotropes.
Our results for the relative stability of phosphorene

nanotubes are presented in Fig. 3(a) and those for fullerenes
in Fig. 3(b). In both panels, the dashed lines display the
expected 1=R2 behavior of the strain energy per atom
ΔE=n on the radius R that energetically penalizes structures
with small radii.
As seen in Fig. 3(a), this projected behavior, based on

continuum elasticity theory [27], agrees closely with our
results for pure β-P and γ-P nanotubes and previously
published results for β-P nanotubes, based on density
functional based tight-binding (DFTB) calculations [8].
As anticipated originally, the faceted multicomponent
nanotubes are much more stable than these. We find that
(i) their strain energies are nearly independent of the radius
and (ii) their relative stabilities lie in the value range
delimited by the stabilities of the pure planar components,
indicated by the shaded region. Since z-PNTs contain the
least stable γ and δ phases, they are also least stable among

the faceted nanotubes. The presence of the most stable α
and β phases, on the other hand, makes a-PNTs consistently
more stable than z-PNTs.
Stability enhancement caused by the coexistence of

multiple phases can also be observed in our results for
fullerenes in Fig. 3(b). As in the nanotubes, we find most
strain energies within the value range delimited by the pure
planar β-P and γ-P phases. The stability enhancement is
most visible in very small fullerenes. Interestingly, we find
the small fullerene structures more stable than P4, the
building block of the (most reactive) bulk phosphorus
allotrope. Our canonical molecular dynamics simulations,
described in the Supplemental Material [26], show that all
nanotube and fullerene structures we investigated are stable
up to 1000 K, slightly above TM ¼ 863 K, the melting
point of red phosphorus [28].
In carbon nanotubes and fullerenes, the occurrence

of a fundamental band gap is a signature of quantum
confinement in the underlying semimetallic graphene
structure. The advantage of phosphorene over graphene

FIG. 2 (color online). Phosphorene-based fullerene structures
with (a)–(c) octahedral and (d)–(f) icosahedral symmetry. The
structural models in (a) and (d) indicate how triangular facets of
β-P are connected by γ-P along the edges. The stick models of P72
in (b), P200 in (c), P80 in (e), and P180 in (f) depict the relaxed
atomic structures of octahedral and icosahedral fullerenes.

a-PNT
z-PNT

a-PNT
z-PNT

FIG. 3 (color online). Stability and electronic structure of
faceted nanotubes and fullerenes. (a) Average strain energy per
atom ΔE=n in PNTs of different radius R with respect to a planar
β-P monolayer. The shaded region indicates the range of
stabilities of different planar phases and contains most data
points for multicomponent faceted nanotubes. For the sake of
comparison, we also present data points for pure-phase PNTs
obtained by rolling up β-P and γ-P to a tube. (b) Strain energy per
atom in octahedral (o) and icosahedral (i) fullerenes of radius R.
The dashed lines in (a) and (b) represent the 1=R2 behavior based
on continuum elasticity theory for pure-phase nanostructures.
(c) Fundamental band gaps Eg in faceted a-PNTs and z-PNTs.
The horizontal lines depict Eg values in pure planar phosphorene
monolayers and help to rationalize the separation between large
gap values in a-PNTs and small gap values in z-PNTs.
(d) HOMO-LUMO gaps in o- and i-fullerenes. o-fullerenes have
consistently larger band gaps than i-fullerenes.
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is the presence of a fundamental band gap in all layered
allotropes discussed here. We thus expect the fundamental
band gaps Eg of nanotubes and fullerenes to approximately
span the value range of the pure components, indicated by
the shaded regions in Figs. 3(c) and 3(d). Even though
additional corrections are expected due to quantum con-
finement and structural relaxation, such corrections are
apparently not as important, since most of our data points
lie in the range delimited by the pure components. At this
point, we point out that our electronic structure results in
Figs. 3(c) and 3(d), obtained by PBE, are expected to
underestimate the fundamental band gaps [5,12].
As seen in Fig. 3(c), we find larger band gap values in

armchair PNTs containing α-P, β-P, and γ-P, since each of
the pure planar components has a band gap in excess of
0.5 eV in the monolayer. Since γ-P and δ-P have the
smallest band gaps among the phosphorene allotropes, we
also see the smallest band gaps in z-PNTs, which contain
these two phases. In the narrow z-PNT(3,0,3,0), shown in
the Supplemental Material [26], the close distance between
third neighbors along the inner tube perimeter causes the
band gap to close.
In finite-size fullerenes, Eg represents the gap between the

HOMO and the LUMO. Our results in Fig. 3(d) suggest that
the HOMO-LUMO gaps in icosahedral fullerenes are larger
than in octahedral fullerenes. Even though the values are
similar to those of nanotubes in Fig. 3(c), we can not easily
rationalize the value range for o- and i-fullerenes, since both
structures consist of the same β-P and γ-P allotropes.
As reported previously [5,12,13,29,30], the fundamental

band gap in phosphorene depends sensitively on the
number of layers and on in-layer strain. Our results in
Fig. 4 indicate that the same behavior also occurs in PNTs.
We find multiwall PNTs to be stabilized by an interwall
interaction of ≲50 meV=atom, roughly the same as in the
layered compounds [31,32]. Because of a large fraction of
γ-P in the wall, which has been shown to undergo a metal-
semiconductor transition, we investigated the (5,0,5,0)@
(9,0,9,0) double-wall z-PNT, shown in Fig. 4(a). The
density of states (DOS) of this double-wall PNT, shown
in Fig. 4(b), indicates that the interwall interaction may turn
two semiconducting nanotubes metallic upon being com-
bined to a double-wall nanotube. As seen in Figs. 4(c)
and 4(d) for the single-wall a-PNT(3,0,9,0), even a modest
5% stretch may turn a semiconducting nanotube containing
a significant fraction of γ-P metallic. This low level of strain
may be applied externally or induced by epitaxy, including
structural changes induced in multiwall nanotubes.
The most important implication of our claim that faceted

nanotubes and fullerenes are as stable as planar phosphor-
ene is that they should exist in nature and will be observed
eventually, as was the case with boron nanostructures
[33,34]. We feel that phosphorus nanotubes and fullerenes
may form during ball milling of black phosphorus [17]
under inert, oxygen-free atmosphere. This process may also

produce structures with a large accessible surface area for
phosphorus-based LIB applications [16,17].
In conclusion, we have presented a new paradigm in

constructing very stable, faceted nanotube and fullerene
structures by laterally joining nanoribbons or patches of
different planar phosphorene phases. Our ab initio density
functional calculations indicate that these phases may
form very stable, nonplanar joints. Unlike fullerenes and
nanotubes obtained by deforming a single-phase planar
monolayer at substantial energy penalty, we find faceted
fullerenes and nanotubes to be nearly as stable as the planar
single-phase monolayers. The resulting rich variety of
polymorphs allows us to tune the electronic properties of
phosphorene nanotubes and fullerenes not only by their
chiral index but also by the combination of different
phosphorene phases. In selected PNTs, a metal-insulator
transition may be induced by strain or by changing the
number of walls.
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