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a b s t r a c t

We introduce a computational approach to estimate the hardness and stiffness of diamond surfaces and
nanoparticles by studying their elastic response to atomic nanoindentation. Results of our ab initio
density functional calculations explain the observed hardness differences between different diamond
surfaces and suggest bond stiffening in bare and hydrogenated fragments of cubic diamond and lons-
daleite. The increase in hardness and stiffness can be traced back to bond length reduction especially in
bare nanoscale diamond clusters, a result of compression that is driven by the dominant role of the
surface tension.

© 2020 Elsevier Ltd. All rights reserved.
1. Introduction

In the field of ultrahard materials, the role of diamond as the
hardest material on Earth seems to be well established. Not long
ago, this fact has been disputed by reports that compressed ful-
lerenes [1,2], nanotubes [3] and graphite [4e6], which occur as
highly disordered and twinned nanocrystalline structures, may be
still harder. Also crystalline C3N4 was initially believed to be harder
than diamond due to its high bulk modulus [7], but ultimately
turned out to be softer due to its inferior shear modulus [8,9]. On
themacro-scale, mechanical hardness is commonly associated with
plastic deformations introduced by an external force, whereas
mechanical stiffness is associated with resistance to compression
and shear in the elastic regime. This distinction becomes blurred on
the nanometer scale, where the energy cost of introducing plastic
deformations exceeds that of fracture [10]. There, a scratch test
appears to be amore suitable measure of hardness, since the harder
system need not undergo irreversible plastic deformations.

So far, theoretical attempts to correlate mechanical hardness
with a particular bulk crystal structure have been mostly disap-
pointing [11e18]. More recently, theoretical and experimental
studies have established a correlation between hardness, stiffness,
and linear elastic constants in covalently bounded materials
[19e21]. A new interesting evidence suggests that indentation
hardness may be proportional to the gravimetric density in carbon
materials [22]. Progress in computational materials science sug-
gests that ab initio calculations should be a valuable approach to
determine the stiffness and hardness of systems beyond the reach
of common experimental techniques. Observations in poly-
crystalline materials including cubic boron nitride indicate an
increasing hardness with decreasing size of the nanocrystallites
[23,24].We find it conceivable that also diamond nanoparticles [25]
should be harder than their macroscopic counterparts due to the
dominant role of the surface tension, which compresses the
nanoparticles and stiffens the interatomic interactions in the
anharmonic regime. In the macro-scale counterpart, stiffening of
diamond under pressure is evidenced in the non-vanishing third-
order elastic constants [26].

At this point, we must emphasize that dislocation defects are
absent in nanosized particles due to the associated large energy
penalty. Consequently, Hall-Petch strengthening [27,28] associated
with dislocation motion does not occur in nanoparticles. This fact
sets nanostructures apart from their bulk counterparts.

Here we introduce a computational approach to estimate and
compare the hardness and stiffness of diamond surfaces and
nanoparticles, independent of size, by studying their elastic
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response to atomic nanoindentation. Results of our ab initio density
functional calculations explain the observed stiffness differences
between different diamond surfaces and indicate the occurrence of
bond stiffening in bare and hydrogenated fragments of cubic dia-
mond and of lonsdaleite. The increase in stiffness, especially in bare
diamond fragments, can be traced back to bond length reduction
that is driven by compression and caused by the surface tension. In
absence of plastic deformations on the nanometer scale, increased
stiffness corresponds to an increase in hardness.
2. Results

The relaxed geometries of hydrogen-terminated CnHm dia-
mondoid nanoparticles with 10 � n � 136 carbon atoms, obtained
as fragments of cubic diamond and lonsdaleite, also called hexag-
onal diamond, are shown in Fig. 1. Since all carbon atoms are sp3�
hybridized in these hydrogen terminated systems, the equilibrium
atomic arrangement is very close to that in the bulk structure. The
situation is very different in bare carbon nanoparticles, where a
significant fraction of surface atoms with unsaturated bonds causes
large-scale reconstruction of the structures. The equilibrium
structure of Cn nanoparticles [29] comprises sp1� bonded chains
Fig. 1. Ball-and-stick models of (a) cubic diamond and (b) lonsdaleite nanoparticles.
Terminating hydrogen atoms have been omitted for clarity. (A colour version of this
figure can be viewed online.)
and rings for n<20 and sp2� bonded fullerenes for n � 20. Some
small nanoparticles, including the C10 adamantane and C14 dia-
mantane, maintain their strained diamond-like morphology as
metastable structures. We found all larger nanoparticles in this
study, with diameters up to z7 Å, to be unstable with respect to
surface graphitization due to the dominant role of unsaturated
bonds at the surface. This is true even in very large nanoparticles
such as C136, where half the atoms change their hybridization from
sp3 to sp2.

As mentioned in the Introduction, mechanical hardness H is
commonly associated with resilience to plastic deformations
introduced by an external force. In macroscopic structures, H is
measured by nanoindentation and defined by the ratio of the load
acting on a sharp nanoindenter and the resulting indentation
depth, as indicated schematically in Fig. 2 (a). It is an integral
characteristic of a solid that reflects resistance to compression and
shear and depends on quantities such as ductility, elastic stiffness,
plasticity, strength, toughness, and viscosity. Since this complex
response is hard to reproduce by ab initio techniques, a number of
empirical approaches have been developed in recent years to es-
timate this quantity [31]. Model calculations [32,33], which have
relied on simplified expressions based on a combination of valence
charges, bond ionicities and interatomic distances, have so far failed
to describe the dependence of hardness on the surface orientation
in extended solids. Due to their dependence on a suitable choice of
parameters, such model approaches are typically limited to a spe-
cific class of systems.
Fig. 2. (a) Schematic of an atomic nanoindenter. The displacement h of a surface atom,
highlighted in red, after being subject to force F, serves as a local probe of hardness and
stiffness of crystal surfaces and nanoparticles. Bulk atoms far underneath the extended
surface and at the bottom of nanoparticles are constrained in the direction of the force.
(b) Calculated F � h relationship at the (111) cubic diamond surface and in two tet-
ramantane isomers. (c) Normalized hardness ~h in bare and hydrogen terminated
nanoparticles of cubic diamond and lonsdaleite compared to the corresponding
quantity for the (111) surface of cubic diamond. Shaded regions in (b) and (c) represent
response in systems softer than diamond. (A colour version of this figure can be
viewed online.)
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In principle, direct calculations of indentation [30] should be
able to describe hardness anisotropy. Such studies would, however,
necessitate very large unit cells that currently exceed the scope of
accurate ab initio calculations. Here we introduce an alternative
way to predict differences in hardness based on the elastic response
to particular deformations that is based on ab initio total energy
calculations. We have considered specifically the Rockwell nano-
indentation technique [34], which relates hardness to the inden-
tation depth caused by a conical nanoindenter that is rammed into
a surface by a given force. To extend our results to nanoparticles,
which are much smaller than any nanoindenter, we have identified
an individual surface atom as a nanoindenter. Then, we relate the
local hardness and stiffness to the h ¼ F=h ratio of the normal force
F to the atomic displacement h.

This approach naturally describes the response to compression
and shear on the atomic scale and allows us to discriminate be-
tween different surface orientations. The atomic nanoindenter is
shown schematically in Fig. 2(a) for semiinfinite surfaces and
nanoparticles. Our calculations determine directly the chemical
stiffness of interatomic bonds at the diamond surface. This quantity
is related to the earlier-defined chemical hardness [34], which
measures the resistance to a change in chemical bonding. As
demonstrated earlier [35], the indentation hardness is a monotonic
function of the chemical hardness density.

In our computational nanoindentation study, with a setup
depicted in Fig. 2(a), we displace a particular atom by the distance h
normal to the surface, relax the system, and determine the force
acting on the nanoindenter atom from F ¼ � vEtotal=vh. This
approach requires specific structural constraints, which we specify
in Section 5 on Computational Techniques.

For indentation depths h not exceeding a fraction of the carbon-
carbon bond length dCC , we find a linear relationship between h and
F, as seen in our results for the (111) surface of cubic diamond and
two tetramantane isomers in Fig. 2(b). Our results indicate that the
force constant h of the ½123� diamond isomer is larger and that of
the ½123P� isomer is lower than that of the (111) surface of cubic
diamond. We conclude that the hardness of these particular dia-
mond fragments is close to, and may even exceed that of the bulk
crystalline diamond structure.

To compare the hardness of different crystal surfaces, we
introduce the normalized hardness ~h, which we define by

~h¼ h

A
¼ F

h,A
; (1)

where A is the area per atom at a particular surface. We have
combined observed hardness values Hwith our calculated values of
the related quantity ~h for different surfaces of cubic diamond and
lonsdaleite in Table 1. Experimental data indicate that the (111)
surface is the hardest surface of cubic diamond and that the (100)
surface is 18% softer. Even though our computational approach does
not provide absolute hardness values, the calculated ratio ~hð100Þ=
Table 1
Observed hardness H and calculated normalized hardness ~h at the (111) and (100)
surfaces of cubic diamond and the (0001) surface of lonsdaleite, as well as ratios of
these quantities.

Diamond ð100Þ
ð111Þ

Lonsdaleite ð0001Þ
ð111Þ

(111) (100) (0001)

H (GPa) 167±5a 137±6a 0.82±0.06 e e

117b 95b 0.81
~h (eV/Å3) 0.72 0.64 0.88 0.74 1.02

a Ref. [1].
b Ref. [30].
~hð111Þ ¼ 0:88 agrees well with the ratio of the observed hardness
values Hð100Þ=Hð111Þ ¼ 0:82 in cubic diamond [1]. There are no
experimental observations for the lonsdaleite structure, which
occurs only as inclusions in cubic diamond and is believed to be
somewhat harder. Based on our calculated values of ~h listed in
Table 1, we believe that the (0001) surface of lonsdaleite may be 2%
harder than the (111) surface of cubic diamond.

Results in Table 1 indicate that presence of lonsdaleite alone
may not explain reported hardness values that are significantly
higher than those of cubic diamond [1-6]. Therefore, we determine
the normalized hardness ~h also for hydrogen-terminated and bare
diamond nanoparticles. For a reasonable comparison, we have
aligned each nanoparticle so that the topmost atom of the unre-
laxed structure, which will be subject to force F, belongs to the (111)
surface of cubic diamond or to the corresponding (0001) surface of
lonsdaleite. Since the area per atom is affected by the net
contraction of the nanoparticle, we estimated its surface area S
from that of a polyhedron spanned by the nuclei of the outermost
atoms. We then used A ¼ Ai � ðSf =SiÞ for the atom area in Eq. (1),
where Ai is the area per atom at the corresponding infinite surface
and Sf =Si is the ratio of total nanoparticle surface areas in the final
(f) and the initial (i) structures.

We present our results for ~h in hydrogen covered and bare
nanoparticles of cubic diamond as well as lonsdaleite in Fig. 2(c)
and compare them to those for the (111) surface of cubic diamond.
Our results indicate that a significant fraction of diamond nano-
particles appears to be significantly harder than the hardest dia-
mond surface.We find large differences in the calculated values of ~h
even between different isomers of the same nanostructure, such as
the ½123� and ½123P� isomers of tetramantane. Their different elastic
response, depicted in Fig. 2(b), reflects the simple fact that partic-
ular structures may expand more or less easily in the plane normal
to the applied force. This flexibility is partly suppressed in poly-
crystalline bulk assemblies of nanoparticles and also in larger free-
standing structures, which, however, approach bulk diamond
values with increasing nanoparticle size.

3. Discussion

There is an intuitive explanation for our finding that the
apparent hardness increases with decreasing size of diamond
nanoparticles. We need to note at this point that hardness
enhancement in nanoparticles of diamond and other solids is
fundamentally different from the behavior observed in macro-
structures, often described as the Hall-Petch effect, which is asso-
ciated with the nucleation and motion of dislocations [27,28]. As
mentioned earlier, plastic deformations do not occur in nano-
particles due to the associated high energy cost.

In nanoparticles with a significant portion of surface atoms,
surface tension reduces significantly the surface area and thus the
interatomic bond length dCC . We have determined the bond length
distribution in all nanoparticles presented in Fig. 1 and plot this
quantity separately for bare and for hydrogenated nanoparticles in
Fig. 3(a). Termination by hydrogen reduces the surface energy and
provides a bulk-like bonding environment even for carbon atoms at
the surface. Therefore, bond lengths in hydrogenated nanoparticles
are all close to the 1.54 Å value found in sp3� hybridized diamond.
On the other hand, we observe a significant bond length contrac-
tion in bare diamond nanoparticles. Under-coordinated atoms at
the surface, which dominate in small nanoparticles, reconstruct to
form a “net” that contains and compresses the “bulk” of the
structure in a “snug fit”. Most surface atoms relax to a more
favorable sp2� like graphitic bonding geometry with dCCz1:42 Å.
Only a small fraction of two-fold coordinated surface atoms is
bonded in an sp1� like carbyne environment with dCCz1:28 Å. The



Fig. 3. (a) Bond length distribution in CnHm diamond nanoparticles of Fig. 1. The light
(red) shaded area below the dashed line represents bare Cn nanoparticles, and the dark
(blue) shaded area below the solid line represents hydrogenated nanoparticles. (b)
Comparison between the average bond stiffness CkD, defined in Eq. (2), in the nano-
particles of panel (a) and in sp1, sp2 and sp3 bonded bulk systems. (A colour version of
this figure can be viewed online.)
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degree of bond contraction we find in nano-diamond agrees with
estimates for nanometer-sized diamond particles based on elastic
constants and surface energy. Due to the anharmonicity in the
interatomic bonds, the net bond contraction should cause a stiff-
ening in particular of bare nanoparticles. This reasoning is consis-
tent with the recent observation [22] that indentation hardness
increases at higher densities caused by bond contraction and
reconstruction in nanostructures.

To validate our interpretation, we estimated the bond stiffness
in nanoparticles considered in our study. In each optimized nano-
particle, we first determined the average bond length CdCC;0D and
the bond energy Eb;0 ¼ Ecoh;0=Nb by dividing the cohesive energy
Ecoh by the number of nearest-neighbor bonds Nb. We then uni-
formly expanded or contracted the nanoparticle and determined
the corresponding average bond length CdCC;0D and bond energy Eb.
Finally, we determined the average bond stiffness CkD in a given
particle using

��Eb � Eb;0
��¼1

2
CkD

�
CdCCD� CdCC;0D

�2
: (2)

We plot the quantity CkD for CnHm nanoparticles and compare it
to that of sp3, sp2 and sp1 hybridized systems in Fig. 3(b). Our re-
sults indicate that the bond stiffness in hydrogenated nanoparticles
is comparable to that in sp3� hybridized diamond and is typically
much higher in bare nanoparticles, approaching the higher bond
stiffness of sp2� hybridized graphene. For the sake of fair com-
parison, we also present bond stiffness values of fullerenes in
Fig. 3(b). These hollow graphitic nanoparticles display sp2 bonding
with a small sp3 admixture, and their bond stiffness values are in
the expected range. We conclude that the enhanced bond stiffness
in bare nanoparticles is caused by surface reconstruction from
dominant sp3 to at least partial sp2� type bonding. We may expect
that diamond nanoparticles with a graphitized outer surface, which
are often observed experimentally [36], may have stiffer bonds
than diamond.

At this point we should re-emphasize that the connection be-
tween bond stiffness, reflecting elastic response, and hardness,
which describes irreversible plastic deformations, is only indirect.
Bond stiffness describes the resistance of bonds to stretching and
compression, which wemodel by uniformly compressing the entire
structure. On the other hand, hardness characterizes the resistance
of a structure to indentation, which we model by displacing one
single surface atom. The hardest nanoparticles in our study were
bare and hydrogen-terminated C10Hx adamantane and C14Hx dia-
mantane nanoparticles. With the exception of these two systems,
hydrogenated nanoparticles were found to be harder than bare
nanoparticles. The significant increase in nominal hardness, which
we found in ultra-small nanoparticles, diminishes rapidly in sys-
tems containing hundreds of carbon atoms and approach rapidly
well-established bulk values.
4. Summary and conclusions

In conclusion, we have introduced a computational approach to
estimate and compare the hardness and stiffness of both single-
crystal surfaces and nanoparticles of diamond, which are too
small for indentation experiments, by studying their elastic
response to atomic nanoindentation. Results of our ab initio density
functional calculations of this nanoindentation process correlated
well with the observed differences in hardness between different
diamond surfaces. More important, we find bond stiffening in bare
and hydrogenated fragments of both cubic diamond and lonsda-
leite. The increase in stiffness, especially in bare nano-diamond
particles, can be traced back to bond length reduction. The net
average bond compression is driven by the dominant role of the
surface tension and leads to surface reconstruction. Since plastic
deformations do not occur on the nanometer scale, increased
stiffness indicates an increase in hardness. It is likely that the
scratch hardness of diamond nanoparticles, which are used to cover
drill heads, may exceed that of monocrystalline diamond.
5. Computational Techniques

5.1. Representation of nanoindentation

We represent a periodic infinite surface, shown in the left panels
of Fig. 2(a), by a unit cell with a finite surface area, which contains
infinitely many atoms below the surface. In principle, the
displacement of the atomic nanoindenter along the �z direction
into the surface may cause all atoms within the unit cell to move,
but the shape of the unit cell will not change. In our study, we only
allow atomic displacement within a thick surface region above a
frozen bulk structure that balances the force caused by the nano-
indenter. Etotal is determined for the optimized geometry.

In finite nanoparticles, depicted in the right panels of Fig. 2(a),
there are no symmetry restrictions on atomic displacements or
global shape deformations. To provide a realistic description of
nanoindentation in a previously relaxed nanoparticle, we first
displace the atomic nanoindenter along the �z direction. Next, we
fix the z-coordinates, but not the x- and y-coordinates, of all bottom
atoms of the nanoparticle to balance the force caused by the
nanoindenter. Finally, we relax all remaining atomic degrees of
freedom and determine Etotal. For both infinite surfaces and finite
nanoparticles, we obtain the force that caused the deformation
from F ¼ � vEtotal=vh.
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5.2. Total energy formalism

Our calculations of the optimum atomic structure, stability and
elastic properties of diamond surfaces and nanoparticles are based
on the density functional theory (DFT) [37,38]. We used the PBE-
PAW approximation [39] to DFT, as implemented in the VASP
[40e42] code. All systems have been represented using periodic
boundary conditions and a plane-wave energy cutoff of 520 eV.
Spurious interaction between neighboring particles has been sup-
pressed by requiring the closest-approach distance between adja-
cent surfaces to exceed [43] 6 Å. All structures have been relaxed
until all forces acting on atoms were less than 0.01 eV/Å.
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