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We present a realistic phenomenological description of liquid transport through defective, layered mem-
branes. We derive general expressions based on conventional models of laminar flow and extend the
formalism to accommodate slip flow. We consider different types of defects including in-layer vacan-
cies that provide an activation-free tortuous path through the membrane. Of the many factors that affect
flow, the most important is the radius of in-layer vacancy defects, which enters in the fourth power in
expressions for the flux density. We apply our formalism to water transport through defective multilayer
graphene oxide membranes and find that the flow remains in the laminar regime. Our results show that
observed high water permeability in this system can be explained quantitatively by a sufficient density of
in-layer pores that shorten the effective diffusion path.
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I. INTRODUCTION

Porous layered structures, in particular graphite oxide
(GO) [1], have been claimed for a long time to bear special
advantage for the purification of liquids, in particular the
desalination of water. These initial claims have regained
recent interest due to advances in the synthesis and char-
acterization of such layered materials. This is particularly
true for ordered hydrophilic multilayer GO (MLGO) [2],
a new term coined for layered GO, which emerges as a
very promising material for the separation of hydrated ions
from water molecules. Since liquid flow has so far not been
observed with subnanometer resolution, our understanding
to date has relied almost exclusively on atomistic simu-
lations. Only limited information is available about the
microscopic structure and the flow mechanism of water
molecules in-between layers of graphite [3,4] and GO
[4–6]. Molecular dynamics (MD) simulations with param-
eterized force fields [7–10] and neutron diffraction studies
[11] have provided valuable insight into the system, but
significant controversies still remain regarding the micro-
scopic mechanism of water transport through GO mem-
branes. One of these involves a very high permeability of
water in MLGO [12,13], which could be caused by a suf-
ficient density of atomic-scale defects, or alternatively by
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the presence of “graphene capillaries” that would cause an
“ultrafast water flow” [12,14] through the membrane.

To obtain better insight into the matter, we have devel-
oped a phenomenological model that addresses all relevant
aspects of liquid flow through a defective, layered mem-
brane. Our approach is not system specific and consid-
ers different defect geometries. Using water flow through
MLGO as an important example, we show how the micro-
scopic structure of the membrane affects its hydraulic
conductivity. With a sufficient density of in-layer vacancy
defects, the effective diffusion path of water molecules
through the membrane is relatively short and the resulting
water permeability is high.

II. FORMAL TREATMENT OF LIQUID FLOW
THROUGH DEFECTIVE MEMBRANES

A. Phenomenological description of constrained
laminar flow

The flux density q of a fluid passing through a porous
membrane is given by the volume per unit area and time
and has the dimension of velocity. For laminar flow,
Darcy’s law finds this quantity to be proportional to the
gradient ∇p of the applied pressure p , as

q = − k
η
∇p . (1)
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FIG. 1. Mechanism of liquid flow through a defective lay-
ered membrane. (a) Schematic route of a molecule, proposed by
Boehm [1] for the representative case of H2O passage through
GO. The entrance to interstices occurs at the edge of a finite flake
and proceeds through slit pores in-between layers of thickness t,
separated by the average distance d. Here Lp is the average in-
layer pore separation, with Lp → ∞ in a defect-free membrane.
In-layer pores may be connected (b) in parallel and form chan-
nels that are separated by Lp and normal to the membrane, or (c)
in series, forming tortuous channels in a staggered arrangement
with lateral offset Lsp.

Here k describes the permeability of the membrane, a
somewhat awkward quantity to model [15], and η is the
dynamic viscosity of the fluid.

In analogy to Eq. (1) we can define the hydraulic con-
ductivity g of a single membrane of finite thickness T using
the general relation

q = g�p , (2)

where �p is the pressure difference between the two sides
of the membrane. Next we consider a complex layered
membrane consisting of a network of pores forming a per-
colation path across the membrane, as seen in Fig. 1(a),
which schematically shows the flow of water through GO.
The standard approach [15] to model the permeability of
this complex network of pores in a membrane is using a
set of individual hydraulic conductivities gn for laminar
pipe flow, where the pipe-type pores are connected either
in series or in parallel, as shown in Figs. 1(b) and 1(c). We
note that conductivities gn are different for in-layer pores
and for “slit” pores in-between layers.

A parallel arrangement of pores, shown in Fig. 1(b),
results in an effective hydraulic conductivity gpar, whereas
an arrangement of pores in series, shown in Fig. 1(c),

yields the effective hydraulic conductivity gser. These effec-
tive hydraulic conductivities are given by

gpar =
∑

n

gn (3)

and

gser =
[ ∑

n

g−1
n

]−1

. (4)

For a particular system, these conductivities may be esti-
mated using percolation models, scaling laws, and basic
statistical assumptions [15].

The defective membrane as a whole can be consid-
ered as a parallel arrangement of pores that may vary in
shape and density. Each pore with its individual shape then
contributes Qp to the total flux of the liquid through the
membrane. The value Qp(�u) can be uniquely character-
ized by the parameter vector �u for each pore, where each
individual component ui describes a quantity related to Qp .
Such components may describe the spatial distribution of
Qp values along the x or y direction, or the distribution
of specific factors characterizing the shape of a pore. Inte-
gration over the entire �u space should correctly account
for all Qp values found in the membrane with the correct
probability distribution.

We define the areal density of pores by ρp = Np/A,
where Np is the number of pores across the unit area A.
In analogy to Qp , an inhomogeneous areal density of
pores can be defined by ρp(�v), where a particular distribu-
tion of relevant factors is described by vector components
vj . Also in this case, integration over the entire �v space
should correctly cover all ρp values found in the membrane
with the correct probability distribution. This provides us
with a general expression for the flux density q through a
nonuniform defective membrane

q =
∫

f (�u)Qp(�u)g(�v)ρp(�v) d�ud�v∫
f (�u)g(�v) d�ud�v = 〈Qp · ρp〉, (5)

where f (�u) and g(�v) are distribution functions and the
denominator provides normalization. The purely descrip-
tive integral expression in Eq. (5) does not make any
assumptions about defects in terms of their density and
type. It is the most general way to express the flux density
across a membrane. Among others, it provides an adequate
description of a membrane with a high density of narrow
pores in one part and a low density of wide pores in a dif-
ferent part. The application of Eq. (5) to specific types of
pores is addressed in the following.

In a membrane containing uniformly distributed identi-
cal pores, Qp and ρp are constant, and the vector spaces {�u}
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and {�v} collapse to single points. This simplifies Eq. (5) to

q = Qp · ρp . (6)

A standard porous membrane can be represented by a stack
of infinite sheets with an even distribution of pores. The
pores may be laterally offset by Lsp in the staggered con-
figuration shown in Fig. 1(c), causing tortuous flow. The
tortuosity τ can be vaguely defined by the ratio between
the total length Ltot of a molecular trajectory and the
distance between its ends. Assuming a uniform pore distri-
bution within a membrane containing Nl layers separated
by the interlayer distance d, we find that

τ = Ltot

Nld
. (7)

We may further assume that the pores form a uniform tri-
angular lattice in each layer. The lateral pore separation Lp ,
specified in Fig. 1(b), can then be estimated using

Lp =
(

2
31/2ρp

)1/2

. (8)

Further assuming an AB stacking of the triangular pore
lattices in the layered system, the lateral offset of pores
in adjacent layers, specified in Fig. 1(c), is Lsp = Lp/

√
3.

With the total length of the shortest molecular path through
the membrane given by Ltot = Nl(Lsp + d), the tortuosity is
given by

τ = 1 + Lp√
3d

. (9)

Our considerations so far have been general, ignoring spe-
cific boundary conditions and the specific shape of the
pores. Most descriptions of conventional viscous flow use
the no-slip theorem, which means that the fluid adjacent to
the walls of a constraint will have the same velocity as the
wall.

B. Tubular pores

There is one important pore shape, where the perme-
ability is well understood, namely a cylindrical pipe of
finite macroscopic length Ltot and radius R. As discussed
in more detail in Appendix A, laminar flow through this
pipe, subject to the no-slip theorem, is described well by
the Hagen-Poiseuille law [15]

Q = −πR4

8η

�p
Ltot

. (10)

Here Q describes the total flux, given by the total fluid
volume passing through a cylindrical membrane per time,
driven by the applied pressure difference �p . Dividing

both sides of Eq. (10) by the cross section of the pipe, we
obtain the flux density

q = −R2

8η
∇p . (11)

Comparing this expression to Eq. (1), the permeability kt
of a membrane containing a single tubular pore of radius R
is

kt = 1
8 R2. (12)

As we show below, the tubular pore or modification thereof
can also be used to describe fluid flow through nanoporous
membranes. In particular, tortuous flow through the mem-
brane may be represented by the flow through a multiply
bent cylindrical pipe of total length Ltot in Eq. (10).

C. Slit pores

A model alternative to a defective membrane is a defect-
free, layered membrane of finite lateral extent Lmem. Lam-
inar flow along a serpentine path through a membrane
consisting of Nl parallel layers separated by d can also be
described by the Hagen-Poiseuille law. The flux density in
this case amounts to [16]

qsp ≈ d4

12L2
memη

�p
Nld

. (13)

D. Beyond the no-slip theorem

The validity of the no-slip theorem has been ques-
tioned in nanoporous materials [16,17]. During slip flow,
molecules of the contained fluid may bounce along the
walls of the steric constraint, with the distance between
subsequent impacts being called the slip length. Interest-
ingly, consideration of slip flow does not require a major
revision of the theoretical framework presented so far [17].

We have summarized our basic considerations regarding
slip flow in Appendix B. In the special case of slip flow in
a liquid flowing through a cylindrical pipe, the expression
for the flux Q in Eq. (10) needs to be modified to

Q = − π

8η
[R4 + LsR3]

�p
Ltot

. (14)

The first term in Eq. (14) is the flux of a viscous fluid
through a pipe of radius R and length Ltot described in Eq.
(10). The second term describes an additional flux com-
ponent due to slippage, which is characterized by the slip
length Ls.

III. CHARACTERIZATION OF DEFECTIVE
MODEL MEMBRANES

Among the typical defects in a membrane, which we
consider here, are pores within individual layers that allow
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FIG. 2. Liquid flow through defective membranes. (a) Per-
spective view of a membrane containing Nl layers, separated by
the distance d. Each layer contains round pores of radius R and
average separation Lp . Straight flow through a “pinhole,” shown
on the left, results from a straight arrangement of pores. Tortuous
flow shown on the right results from a staggered arrangement of
pores. (b) Liquid flow through defective layered membranes as
a function of pore radius R. Specifics of each membrane are dis-
cussed in the text. Relative flux densities q/q0 are presented in
units of the flux density q0 across a reference membrane contain-
ing pores with R = R0 = 0.5 nm. All results are for liquid water
with viscosity η = 10−3 Pa s.

a liquid to flow through a membrane, as depicted in
Figs. 1(b), 1(c), and 2(a). Among these, “pinhole defects,”
shown in Figs. 1(b) and 2(a), provide the shortest path
for liquid flow. We consider pores with a circular cross
section that may display a uniform or nonuniform distri-
bution of their radii R, tortuosity τ , areal density ρp , and
total liquid path length Ltot. A layered membrane, depicted
in Fig. 2(a), will typically contain a combination of such
defect variations that will affect the flux density. Know-
ing the distribution of each of these quantities, the flux
density q can be estimated using integral (5). With the
flux being proportional to R4 in Eq. (10), the pore radius
plays the most critical role in the permeability of a mem-
brane. Therefore, we present numerical flux densities in
defective model membranes in Fig. 2(b) as a function of
the pore radius. Since—depending on the defect densi-
ties and shapes—flux densities change by many orders of
magnitude, they are presented on a logarithmic scale in
Fig. 2(b).

A. Reference membrane

What we call a “reference membrane” in Fig. 2 is a
model structure closely related to approximately 1 μm

thick GO membranes studied by transmission electron
microscopy (TEM). The reference membrane consists of
layers containing round pores of radius R0 = 0.5 nm,
arranged in a uniform triangular lattice with areal pore
density ρp = ρ0 = 0.25 × 1015 m−2. The membrane con-
sists of Nl = 1000 layers separated by d = 1.2 nm, a value
typical of GO [18]. Using Eq. (8), we obtain the value
Lp = 68.0 nm for the lateral interpore separation. Assum-
ing an AB stacking of pore lattices in the layered system
and using Eq. (9), we obtain τ0 = 33.7 for the tortuosity of
the shortest molecular path through the membrane. Com-
bining Eqs. (6) and (10), the flux density of the reference
membrane is

q0 = −πR4
0

8η

�p
τ0Nld

ρp . (15)

Using η = 10−3 Pa s for the viscosity of water and �p = 1
bar for a typical pressure difference between the two sides
of the membrane, we find the reference flux density q0 =
−1.5 × 10−11 m/s.

B. Standard membrane

What we call a “standard membrane” in Fig. 2 is identi-
cal to the reference membrane with the exception that the
pore radius R may vary. The flux density of the standard
membrane is then

qst(R) = −πR4

8η

�p
τ0Nld

ρp . (16)

Comparing Eq. (16) to Eq. (15), we find a simple rela-
tionship between the flux densities of the standard and
reference membranes

qst(R)

q0
=

(
R
R0

)4

. (17)

This relative flux density is shown in Fig. 2(b) for pore
radii up to R = 7.5 nm, the estimated average value for
pores in GO [19].

C. Membrane with pinholes

What we call a “membrane with pinholes” in Fig. 2
is a standard membrane with additional defects called
“pinholes,” which cross the membrane in a straight line
characterized by τph = 1. Our description follows exper-
imental data for swelled GO membranes [20], to be dis-
cussed later, which contain up to micrometer-wide pinhole
defects. We consider round pinholes with a constant radius
Rph = 2.5 μm and a constant density ρph = 104 m−2. The
flux density �qph through a membrane with the parameters
of the standard membrane that is free of any defects except
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pinholes can be obtained using Eq. (16) and amounts to, in
units of q0,

�qph

q0
=

(
Rph

R0

)4
ρph

ρ0
τ0. (18)

The flux density through a standard membrane containing
additional pinholes is then given by

qph(R)

q0
= qst(R)

q0
+ �qph

q0
. (19)

The constant quantity �qph/q0 = 0.82 × 106 is so large
that it dominates over qst(R)/q0 in the entire radius range
considered in Fig. 2(b).

D. Membrane with varying thickness

The number of layers may not be the same across a
defective layered membrane. Let us consider a standard
membrane with Nl = 1000 layers. A fraction α of this
membrane is much thinner, containing only Nl,f layers.
Then, according to Eq. (10), the relative flux density will
be

qvt(R)

q0
= qst(R)

q0

[
1 + α

(
Nl

Nl,f
− 1

)]
. (20)

For α = 30% and Nl,f = 100, we obtain a 3.7 times higher
flux density than for a standard membrane. This result is
shown in Fig. 2(b).

E. Membrane with varying pore density

The areal density ρp of uniform pores may also vary
across the membrane. Let us consider a standard mem-
brane with ρp = ρ0 = 0.25 × 1015 m−2. In a fraction β of
this membrane, the areal pore density ρp ,f is different from
the rest. In that case, according to Eq. (16), we obtain

qvd(R)

q0
= qst(R)

q0

[
1 + β

(
ρp ,f

ρp
− 1

)]
. (21)

Assuming a local pore density increase by a factor of 15 in
a fraction β = 40% of the membrane, we find a flux den-
sity increase by a factor of 6.6 over the standard membrane.
This result is shown in Fig. 2(b).

F. Membrane with a combination of defects

A typical membrane will contain a combination of
defects. We consider a standard membrane with a fraction
α containing a different number of layers Nl,f , a fraction
β containing a different pore density ρp ,f , and a fraction
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FIG. 3. Fraction of pores with specific radii represented by a
Gaussian distribution defined in Eq. (23). Distributions are pre-
sented for the average radius 〈R〉 = 7.5 nm and different values
of σ .

γ containing pinholes, with α + β + γ ≤ 1. The relative
flux density through such a membrane is given by

qcd(R)

q0
= α

qvt(R)

q0
+ β

qvd(R)

q0
+ γ

qph(R)

q0

+ (1 − α − β − γ )
qst(R)

q0
, (22)

where qvt(R)/q0 is given by Eq. (20), qvd(R)/q0 by Eq.
(21), and qph(R)/q0 by Eq. (19). Results for such a mem-
brane containing defect combination with α = 30%, β =
40%, and γ = 1% are presented in Fig. 2(b).

G. Membrane with a Gaussian distribution of pore
radii

For a constant value of the pore radius R, the relative
flux density through a standard membrane is given by Eq.
(16). We have to go back to Eq. (5) if the pore radii are
not constant, but rather represented by a probability distri-
bution function f (R). In the following, we consider pores
with a narrow distribution of radii around the mean value.
A Gaussian or normal distribution of radii is described by

fG(R) = 1

σ
√

2π
e−[(R−〈R〉)/σ ]2/2, (23)

where 〈R〉 is the average radius, σ is the standard devi-
ation, and the full width at half maximum (FWHM) is
2.355σ . The pre-exponential factor provides for normal-
ization. Results for 〈R〉 = 7.5 nm and different values of σ

are presented in Fig. 3.
The extension of Eq. (15) for the expectation value

of the relative flux density in case of a Gaussian radius
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TABLE I. Relative flux density through a standard membrane
containing different distributions of round pores. Results pre-
sented are obtained using Eq. (24) for the Gaussian distribution
and Eq. (26) for the Cauchy distribution of radii.

Gaussian distribution Cauchy distribution
σ (nm) 〈qst/q0〉 ν (nm) 〈qst/q0〉

0.5 5.2 × 104 0.5 8.7 × 108

1.0 5.6 × 104 1.0 1.7 × 109

2.0 7.3 × 104 0.1 3.4 × 109

distribution is
〈

qst

q0

〉
= 1

R4
0

∫ ∞

0
fG(R)R4 dR, (24)

where fG(R) is expression (23) for a Gaussian distribu-
tion of radii. We evaluated the quantity 〈qst/q0〉 for the
Gaussian distribution with 〈R〉 = 7.5 nm. Results for three
different values of σ used in Fig. 3 are presented in Table I.

As expected, results of Eq. (24) converge to those of Eq.
(17) for σ → 0.

H. Membrane with a Cauchy distribution of pore radii

Instead of the Gaussian distribution of radii fG(R)

defined in Eq. (15), we may consider the Cauchy distri-
bution

fC(R) = 1
πν{1 + [(R − 〈R〉)/ν]2} , (25)

where 〈R〉 is the most probable radius and 2ν is the
FWHM. This distribution carries more weight in the tails
around 〈R〉 than the Gaussian distribution. We show fC(R)

in Fig. 4 for 〈R〉 = 7.5 nm and different values of ν.
The logical way to obtain the relative flux density

through a standard membrane with a Cauchy radius dis-
tribution is to replace fG(R) by fC(R) in Eq. (24), leading
to

〈
qst

q0

〉
= 1

R4
0

∫ Rmax

0
fC(R)R4 dR. (26)

The important difference between Eqs. (24) and (26) is
the upper limit of the integration range. Even though
fC(R) is normalized, its fourth moment diverges for
Rmax → ∞. We consider the finite value Rmax = 103 nm
large enough in comparison to 〈R〉 to provide us with
reasonable estimates of 〈qst(R)/q0〉 for the Cauchy distri-
bution of radii.

Results for three different values of ν used in Fig. 4 are
presented in Table I. We note that flux densities are many
orders of magnitude higher with the Cauchy distribution of
radii than with the Gaussian distribution for the same value
of 〈R〉.

IV. RELEVANT EXAMPLE: GO MEMBRANE

A. Morphology of a defective GO membrane

GO and MLGO membranes are considered excel-
lent candidates for the filtration of liquids. MLGO is a
highly aligned structure of layered GO, which consists
of graphene layers that are chemically functionalized by
epoxy-O and OH groups [1]. Unlike hydrophobic graphite
and graphene, GO is hydrophilic and requires water for
stabilization. The two commonly used approaches to syn-
thesize GO are the Hummer [21] and the Brodie [22]
processes. Both techniques yield an ordered material con-
taining a substantial fraction of in-layer pores. Because
of the intrinsic defective nature of GO, its designation as
“graphene oxide” is, strictly speaking, a misnomer.

GO was introduced in the 1960s as a suitable mate-
rial to form membranes that are particularly useful for
water desalination based on reverse osmosis [1]. This
material has been shown to find applications in the fil-
tration and purification of not only water [23], but also
other substances, which have to cross many pores in many
layers.

A realistic structure of GO membranes, displayed
schematically in Fig. 1(a), is very different from an ideal
stack of two-dimensional (2D) layers and varies from sam-
ple to sample. Membranes should be considered a 3D
system with a strong heterogeneity in the size, shape, and
orientation of GO flakes that contain a variety of in-layer
defects [20,24–27], including vacancies.

B. Water transport through defective GO: merits of
atomistic and phenomenological descriptions

A proper description of water transport through GO
membranes is highly desirable, also to clarify the origin of
the reported high flux density of water in these membranes
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FIG. 4. Fraction of pores with specific radii represented by
the Cauchy distribution defined in Eq. (25). Distributions are
presented for 〈R〉 = 7.5 nm and different values of ν.
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[12,14]. The conventional description [1] of water trans-
port through a porous multilayered GO membrane assumes
a rather direct way of water molecules along the “slit”
pores in-between GO flakes or through possible holes in
the GO structure. The more recent alternative interpreta-
tion [12,13] of the high permeability of GO postulates a
relatively long path, including transport along the inter-
layer slit pores of the GO structure. According to the
authors, a high water flow rate can then only be explained
by introducing a fundamental mechanism called superper-
meability. Key to this mechanism is so-called ultrafast flow
of water through graphene nanochannels [12,14], which
have been postulated to be present in GO membranes.
These claims have been disputed to a large degree [28]
based on microscopic structure studies of GO. Meanwhile,
a number of experimental and theoretical studies have been
published to better understand this rather exotic transport
mechanism [14,16,29].

Because of the complexity of the problem, atomistic MD
simulations have typically used empirical force fields that
reproduce the structure of liquid water well, but usually
failed to describe the interaction of water molecules with
GO layers with the same accuracy. Yet it is exactly the
interplay between water-water and water-GO interactions
that is key to the understanding of water transport through
pores in GO layers and even more along the slit pores.
Moreover, as mentioned before, the realistic structure of
defective GO is very complex. In that case, the predictive
power of MD simulations addressing specific geometries
is limited.

Under these circumstances, the phenomenological for-
malism in this study offers a viable alternative to describe
water transport through GO membranes from a statisti-
cal viewpoint. This approach is based on well-established
evidence that water properties, including viscosity and
diffusion constants, are not changed during laminar flow
through a nanopore. Also, the interaction between water
molecules and GO layers does not change in a GO
nanopore [4]. This approach offers a bias-free view of
water flow through many types of tubular and slit pores
that likely are present in the GO structure [28] and that
have been discussed above.

C. Scenarios of water transport through defective GO

1. Tubular pores in GO

An insightful description of flow through nanoporous
materials has been provided [17] for a membrane that is
impermeable except for pores consisting of aligned carbon
nanotube (CNT) arrays, which alone allow for the pas-
sage of fluid molecules. This corresponds to the case of
hydraulic conductivities in parallel described by Eq. (3)
and shown in Fig. 1(b). For a typical pressure difference
�p ≈ 1 bar between the two sides of the T = 1.2 μm
thick GO reference membrane, we obtain |q| ≈ |q0| =

1.5 × 10−11 m/s for the flux density when using the Hagen-
Poiseuille expression (15) for laminar flow through round
tubes in the absence of slip flow.

2. Slit pores in GO

In case of lateral flow following a labyrinthine path
through slit pores in-between defect-free GO layers, the
flux density is described by Eq. (13). Using Lmem ≈
1 μm for the lateral extent of the layers in an otherwise
defect-free reference membrane, we obtain qsp ≈ 1.4 ×
10−9 m/s.

Our estimated results for the flux density through tubular
pores are six orders of magnitude and those for slit pores
four orders of magnitude [16] lower than the measured
flux densities of water in GO [12,14]. The discrepancy has
been attributed to slip flow [12,14], with estimated slip
lengths of the order of Ls ≈ 0.1–1 μm. A viable alterna-
tive explanation for the difference, discussed in this paper,
is based on the presence of in-layer defects that have been
overlooked.

V. DISCUSSION

The purpose of our study is to introduce a general
heuristic framework to describe the flow of fluids through
a membrane consisting of a defective layered material.
Such membranes find an important application in sepa-
rating unwanted substances from liquids. We focus on
nanoporous GO membranes that bear promise for the
desalination of water. Clearly, the same framework will
also apply in many other cases.

The motivation for our study is the observation of high
water flux rates through GO membranes and the contro-
versy about their interpretation. We are especially dis-
turbed by the discrepancy of several orders of magnitude
between observed flux densities and our calculated values
based on the assumption of laminar flow and the adequacy
of the Hagen-Poiseuille law.

This is the reason why we use Occam’s razor approach
to revisit all assumptions used in our modeling study.
As discussed in Appendix A, there is no doubt that fluid
flow in GO membranes is laminar and its description by
the Hagen-Poiseuille law is adequate. The only remain-
ing point in question is the presence and characteristics of
defects.

Defects in the membrane structure may have been
caused by severe damage that somehow went undetected.
Pores in the structure may be more numerous or have
different shapes than estimated. Since not all pores may
be easily recognized in electron microscopy observations,
pore densities obtained in such studies are likely underesti-
mated. Additional uncertainty about realistic pore densities
stems from the fact that microscopic pieces of the mem-
brane used in microscopy may not be representative of the
entire system.
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Of all the factors that affect flow through defects most,
we find that the pore radius R is by far the most impor-
tant, since flux depends on R4. It is quite likely that pore
sizes have been underestimated, since pores are usually
characterized by an electron microscope in dry samples.
In the natural aqueous environment, water penetrates the
membrane, swells it, and widens the pores. We note that
increasing the pore radius R by a mere factor of 2 should
increase the flux density by a factor of 16 according
to the Hagen-Poiseuille law. Furthermore, swelling could
increase the internal pressure within the membrane, but
should not change the effect of the applied pressure �p
driving the flow.

Based on present experimental evidence, we believe that
GO membranes are defective to a higher degree than pre-
viously admitted. Thus, we conclude that the significant
discrepancy between observed high flux densities [12,14]
and numerical values in our study can be explained simply
using Hagen-Poiseuille law for laminar flow through dif-
ferent types of defects that either are not detected or their
cross section is underestimated.

Other interpretations of the apparent discrepancy
between theory and experiment have been discussed exten-
sively in the literature [16,28,29], so that we may only offer
a brief summary in the following.

Alternative interpretations of the observed “superfast”
flow of “superfluid” water between GO sheets [12,13,30]
are based on specific postulates regarding the microscopic
structure of the membrane.

Graphene capillaries, consisting of large interconnected
unoxidized areas of GO sheets [12,13,30,31], have been
postulated to increase the flow of water through GO mem-
branes. Even though the interlayer spacing d in graphite
is only approximately 3.3 Å and thus much smaller than
in GO, d has been postulated to increase significantly to
approximately 7–7.5 Å in graphene capillaries located in
oxidized areas. A large network of graphene capillaries
was postulated to maintain slip flow of water and thus
provide record-breaking permeability.

So far, however, there has been no independent evi-
dence of such capillaries or even presence of pristine
graphene in GO [28] based, among others, on high-
resolution TEM imaging [25] and Raman spectra [32].
Presence of graphene capillaries should favor He perme-
ation in water-free membranes rather than block it, as
observed [12]. If graphene capillaries were present and
important, permeation rates should depend on the flake
sizes in laminates rather than being constant [33]. Also,
the presence of hydrophobic graphene areas within GO
should increase entry-exit barriers, which were specifically
considered [34] and discussed [35] in the context of water
transport through hydrophobic CNT-based membranes. It
appears that a good strategy to maximize flow would be to
reduce or eliminate activation barriers at the entrance and
exit of water molecules. Such favorable conditions exist at

the edges of hydrophilic GO membranes that are free of
pristine graphene.

An ideal microscopic membrane consisting of stacks
of defect-free micrometer-sized GO layers at an approx-
imately 0.7 nm interlayer distance was postulated as
another important factor favoring “superfast” water flow
[12]. However, it is well established that defects includ-
ing pores and cracks are formed during sonication of GO,
the preferred method for obtaining GO nanosheets [36].
This fact suggests that the postulate of a defect-free GO
membrane is unrealistic.

Our own interpretation of the observed high perme-
ation rate, based on what is known about GO membranes,
their structure, and preparation, is much simpler: the high
flow rate may be attributed to nanostructured defects that
provide many short transport channels in parallel.

VI. SUMMARY AND CONCLUSIONS

We have developed a realistic phenomenological
description of liquid transport through defective, layered
membranes. To do so, we have revisited the established
formalism describing laminar flow and extended it to
accommodate slip flow, a theoretical concept that would
provide large corrections to laminar flow though defects.
We applied the general expressions we derived to layered
membranes containing a variety of defects that are not
system specific. As a representative example, we chose
layered GO, an important hydrophilic membrane system
used for purification of water. Using realistic data for GO
membranes, we estimated the force densities acting on
water and found them to be insufficient to push the sys-
tem out of the laminar regime, making the concept of slip
flow redundant.

We found that in-layer vacancies, which prevail in
defective GO, open a short, but tortuous path for
activation-free transport of molecules through the mem-
brane. Of the many factors that affect the flow, the most
important is the radius of vacancy defects, which enters
in the fourth power in the expression for the flux density
based on the Hagen-Poiseuille law. In thin membranes with
a sufficient density of such in-layer defects, the effective
diffusion path of water molecules is relatively short and
the water permeability increases significantly. We believe
that a discrepancy of four orders of magnitude between
observed water flow in GO membranes and calculated
flux densities based on the Hagen-Poiseuille law are well
explained by the presence of in-layer defects. In view
of the fact that pores open up and swell in a membrane
exposed to a liquid, electron microscopy observations on
dry samples would typically underestimate the density
and effective size of defects. This explains the significant
increase in flow density without the need to invoke the
presence of “graphene capillaries” that would enable an
“ultrafast flow rate” of water.
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APPENDIX A: LAMINAR FLOW THROUGH
TUBULAR PORES

In the following we provide additional background
information [37] used in the derivation of the Hagen-
Poiseuille law describing laminar flux through a round
pipe. We start our discussion with the most fundamental
equation of fluid flow [38]

�f = ρ
d�v
dt

. (A1)

Here, �f is the net force per unit volume acting on the fluid
of mass density ρ and velocity �v. Of course, Eq. (A1) is
Newton’s second law restated for a fluid. Since the prob-
lem of pipe flow is quasi-one-dimensional, we drop the
vector notation in the following.

The right-hand side of Eq. (A1) represents the inertial
force per volume fi. The net force density f consists of a
driving force density fd and a viscous drag force density
fv . For a fluid flowing through a pipe with average velocity
〈v〉, the three forces can be estimated by [38]

fi = ρ
dv

dt
≈ ρ

〈v〉2

Ltot
(A2)

and

f = fd + fv ≈ −�p
Ltot

+ η
〈v〉
R2 . (A3)

The meaning of all the other terms is the same as in Eq.
(10).

We note that for nonvanishing fi, the physics result-
ing from Eqs. (A1) and (A2) will be nonlinear due to the
quadratic dependence of fi on the average fluid velocity
〈v〉. As we show in the following, |fi| � |fd|, |fv| under the
conditions discussed here, so that the inertial force density
may be neglected.

Let us first estimate the magnitude of the relevant force
densities under the simplifying assumption that the aver-
age fluid velocity 〈v〉 and the typical flux density q are
of similar orders of magnitude. For water flow through
a standard membrane with R = 1 nm, described by Eq.
(16), we obtain 〈v〉 ≈ |qst| = 2.4 × 10−10 m/s. According
to Eq. (A2), the inertial force density fi = ρ 〈v〉2 /Ltot =
1.4 × 10−12 N/m3 if we use ρ = 103 kg/m3 for the density
of water and Ltot = 40.4 μm for its tortuous path through
the membrane. The viscous force density, defined in Eq.
(A3), is |fv| = η 〈v〉 /R2 = 2.4 × 105 N/m3. Considering
the pressure difference �p = 1 bar between the two sides
of the membrane, assumed for the reference membrane,
and using Eq. (A3), we obtain |fd| = �p/Ltot = 2.4 ×
109 N/m3. Since |fi| is 17–21 orders of magnitude smaller
than |fd| and |fv|, it can be safely neglected. This justifies
our assumption that the flow though membranes we con-
sider is well within the laminar regime. An independent
confirmation of laminar flow obeying the Hagen-Poiseuille
law at even higher pressure differences �p = 6 kbar has
been provided by atomistic MD simulations of water flow
through model nanopores [39].

Under steady-state conditions, f must vanish and we
conclude that fi ≈ f = 0. Then, we may adopt some of the
expressions presented above for the specific case of lami-
nar flow through a round nanopipe. Assuming radial sym-
metry, the flow velocity v is described by the differential
equation

1
η

�p
L

= d2v

dr2 + 1
r

dv

dr
= 1

r
d
dr

(
r

dv

dr

)
. (A4)

A general solution has the form

v(r) = 1
4η

r2 �p
L

+ C ln(r) + D. (A5)

The values of parameters C and D are determined assum-
ing axial symmetry and suitable boundary conditions at the
walls. For conventional flow, the assumption of axial flow
leads to dv/dr = 0 at r = 0 representing the center of the
pipe. The no-slip condition at r = R at the wall implies that
v(R) = 0.

Once parameters C and D are set, the flux Q may finally
be obtained via a straightforward integration that leads to
the Hagen-Poiseuille law

Q =
∫ R

0
2πrv(r)dr = −πR4

8η

�p
Ltot

, (A6)

which is identical to Eq. (10).

APPENDIX B: SLIP FLOW THROUGH TUBULAR
PORES

In the case of slip flow, we have to abandon the no-slip
condition v(R) = 0. Instead, we impose a alternative type
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of boundary condition, which describes a scenario where
the fluid molecules are bouncing along the walls of the pipe
with the velocity

v(R) = Ls
dv

dr
(R). (B1)

Integrating over the radius with the modified boundary
condition in Eq. (B1) leads to the expression

Q = − π

8η
[R4 + LsR3]

�p
Ltot

, (B2)

which is identical to Eq. (14). Note that the slip length Ls,
which occurs in this phenomenological boundary condi-
tion, is a parameter that may be freely adjusted to explain
any observed deviation from the Hagen-Poiseuille law for
laminar flow through a pipe.
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